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Abstract

An initially knotted light field will stay knotted if it satisfies a set of nonlinear,
geometric constraints, i.e. the null conditions, for all space-time. However, the
question of when an initially null light field stays null has remained challenging
to answer. By establishing a mapping between Maxwell’s equations and
transport along the flow of a pressureless Euler fluid, we show that an initially
analytic null light field stays null if and only if the flow of the initial Poynting
field is shear-free, giving a design rule for the construction of persistently
knotted light fields. Furthermore we outline methods for constructing initially
knotted null light fields, and initially null, shear-free light fields, and give
sufficient conditions for the magnetic (or electric) field lines of a null light
field to lie tangent to surfaces. Our results pave the way for the design of
persistently knotted light fields and the study of their field line structure.

Keywords: topological, knotted fields, shear-free flow, electromagnetism

(Some figures may appear in colour only in the online journal)

1. Introduction

The concept that physical fields can have a geometry of their own, has a rich tradition that
dates back to Faraday’s concept of lines of force [1]. This concept was followed shortly there-
after with the idea that you could in principle tie knots in fields, as in Lord Kelvin’s celebrated
conjecture that atoms were vortices in the aether tied into knots [2]. Such knots, have now
become an experimental reality in a wide variety of systems such as the vortex lines of a fluid
[3], the topological defect lines of liquid crystals [4], lines of darkness in optical beams [5],
and spinor Bose—FEinstein condensates [6]. Theoretical approaches have also moved beyond
speculation and stable knotted structures have been shown to exist as solutions of nonlinear
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field theories such as Euler flows [7, 8], the Skyrme—Faddeev model [9-11], and the AFZ
model [12].

Within this plethora of systems, light fields offer a unique opportunity for studying knot-
ted dynamical structures analytically. Unlike the systems mentioned above, Maxwell’s equa-
tions are linear, offering the enticing possibility of finding exact expressions for evolving
knotted fields as well as providing the potential means of transferring knottedness to other
systems such as quantum fluids and plasmas. It is perhaps not obvious that such a linear field
theory could contain persistent knotted structures, however an extensively studied example
of a light field containing persistent links (the Hopfion solution) [13—19] showed that it is
possible. This solution was recently further generalized to an infinite family of knotted light
fields [20].

In these solutions, the lines of the magnetic (electric) field are either linked to each other,
knotted, or tangled in an organized way. As the light fields evolve in time, the closed loops
formed by magnetic (electric) field lines deform smoothly like elastic filaments embedded in
a flow, preserving the knotted structures they encode.

At the heart of the evolution of these persistently knotted light fields, is a set of geometric
constraints known as the null conditions [21]:

E-B=0,E-E=B-B (¢ = 1 assumed from here on) (1)

that are satisfied globally in space-time. Under these constraints, the electric and magnetic
field lines of a globally null light field evolve like stretchable elastic filaments embedded in a
shear-free flow [21, 22].

Such globally null light fields further arise naturally in contexts ranging from radiating
electromagnetic waves [23], to the geometry of space-time [21, 24-26]. Their many interest-
ing properties raise a natural and long standing [27, 28] question: are there initial conditions
on a light field, which guarantee that it will remain null under time evolution?

Our main result (equation (10)) is that an initially null electromagnetic field which is ana-
Iytic everywhere and has a smooth associated flow, stays null forever if and only if the flow is
initially shear-free.

The shear-free nature of the flow of null light fields had previously been studied only for
globally null light fields [21, 29] where it was thought to be key to the persistence of knots
[20, 22]. However, previous attempts at finding the initial conditions that guarantee nullness
had either been inconclusive [27, 29] or reached the erroneous conclusion that an initially null
light field stays null [28].

We begin by clarifying the relation between the null condition and the flow of electro-
magnetic fields, correcting an error in [22] where the flow was assumed to be incompressible.
We then extend the previous analysis to establish a mapping between Maxwell’s equations and
the Euler equations for a pressureless fluid. We use this mapping to show that an initially null,
analytic electromagnetic field is globally null if and only if its flow is initially shear-free,
answering a longstanding open question.

We go on to outline methods for constructing initially knotted null, shear-free light fields
which would be guaranteed to stay knotted and null. Lastly, we give sufficient conditions for
the electric and magnetic field lines of a globally null light field to be tangent to surfaces, i.e.
for first integrals to exist, in terms of the Bateman potentials [20, 23, 30] which are known to
exist for all globally null light fields. This allows one to reduce the problem of analyzing the
topology of field lines to dimension 2, i.e. the level sets of the first integral.

Our results pave the way for the design of new persistently knotted null light fields, and
give tools for studying their topology.
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2. Flow of null light fields

A knotted magnetic (or electric) field line in a globally null light field stays knotted as it
evolves, as shown in figure 1. The knot deforms smoothly with time, with each point on the
knotted field line moving in the direction of the Poynting field at that point.

This smooth deformation of magnetic field lines by a flow occurs if the magnetic flux
through an arbitrary loop co-moving with the flow is preserved [22, 31], i.e. the magnetic
(electric) field evolves according to:

OB =V x(VxB) )

where V is the flow field. The null conditions (equation (1)) automatically enforce such [31] a
flux-preserving evolution of the magnetic (electric) field along a flow given by the normalized
Poynting field V = (E x B)/W, where W = (E* + B?)/2.

When the flow of the normalized Poynting field V is incompressible, that is if V- V =0,
the flux-preserving evolution of the magnetic (electric) field implies the transport of the magn-
etic (electric) field lines along the flow of V [22] described by:

OB+ (V-V)B=(B-V)V. 3)

The flow of V is however not, incompressible in general. For compressible flows the lines
of the magnetic (electric) field are nonetheless transported since the lines of the normalized
magnetic (electric) field B/W (E/W respectively) are transported along the flow of V for any
globally null light field, i.e.

o(B)(3)-()r

as depicted in figure 1. Here, we assume that the normalized Poynting field V is smooth
everywhere, which is possible even when the energy density W vanishes as for the knotted
null light fields in [20]. The transport of the magnetic (electric) field lines along the flow of
V in equation (4) is reminiscent of the transport of vortex lines in an inviscid barotropic flow

u, given by:
w w w
ol—)+@-V)(—)=(—-V 5
(5) o (5)- (o) ®

where the vorticity field w is w := V X u, and p is the mass density of the fluid.
In addition to transporting the electric and magnetic field lines along its flow, the nor-
malized Poynting field V satisfies the Euler equation for a pressure-less flow:

OoV+(V-V)V=0 (6)

thus making the analogy with fluid flow complete. The path lines and stream lines for such
a flow are shown in figure 2. The above nonlinear equation arises from a linear system of
equations—Maxwell’s equations—as a result of the nonlinear null conditions. Under the null
conditions, the spatial part of the electromagnetic stress-energy tensor simplifies to that of
a pressure-less fluid: 7% = W ViV/, and momentum conservation becomes the pressure-less
Euler equation (see appendix A for a more detailed derivation).

Furthermore, the vorticity field associated with the flow of the Poynting field 2 := V x V,
is also transported along the flow of the Poynting field:

0 (2) o (2) - (2.0)v o
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Figure 1. Transport of a knotted magnetic field line (orange) along the flow of the
Poynting field (grey) in a null light field. The evolution of the magnetic field is such
that each magnetic field line moves along the flow of the Poynting field. This is because
the field lines of B/W are transported along V, as shown in the inset, and described
by equation (4). The null light field depicted above is a trefoil knotted field from the
knotted null light fields presented in [20].

The similarities between pressure-less Euler flow and the evolution of a null light field are
summarized below in table 1, in which weuse [X, Y] = (X - V)Y — (Y - V) X to denote the
commutator of vector fields.

In addition to energy and momentum, inviscid barotropic flows have an additional con-
served quantity known as helicity [32] H = [ d*xu - w—a measure of the average linking
between the lines of the vorticity field w. An analogous conservation law holds for the helicity
density hg = V - Q associated with the flow of the Poynting field V:

dha +V - (Vha) = 0. ®)

The electric and magnetic helicity is also conserved for globally null light fields [22].

Remarkably, the analogy we established between null light fields and the flow of an invis-
cid pressure-less fluid also holds for a local time slice, if the null conditions are satisfied on
that time slice. This suggests a route to answer the longstanding open question: when does
an electromagnetic field satisfying the null conditions on an initial time slice, satisfy the null
conditions for all time?

3. When does an initially null light field stay null?

Since globally null light fields preserve the topology of the electric and magnetic field lines,
the initial conditions that ensure nullness for all space-time also ensure the persistence of
knots for all time. Even though null light fields have been studied extensively [21, 24-27,
29, 33], these initial conditions have remained elusive. Previous attempts at finding the initial
conditions that guarantee nullness for all space-time, have either been inconclusive [27, 29]
or have reached the incorrect conclusion [33] that satisfying null conditions on the initial time
slice is sufficient to guarantee nullness for all space-time. We use the analogy between the
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Path lines Stream lines

Figure 2. Path lines and stream lines of the flow V for the knotted null light fields
presented in [20]. The path lines of energy packets are transported by straight line
trajectories (as shown by the path lines highlighted in yellow), the geodesics given by
(1, V). However, the stream lines of V at an instant in time form closed loops (as shown
by the loops highlighted in yellow) such that each loop is linked with every other loop,
organized around the z-axis and the unit circle in the x—y plane shown in dark grey,
forming a structure known as the Hopf fibration.

evolution of null light fields and fluid flow to find the necessary and sufficient initial condi-
tions that ensure nullness for all space-time.

The intuitive ideas that underlie our proof, formalized in appendix B, are as follows. We
first show that there is a space-time region U of the form U = {(t,r) € R*, 0 < t < ¥(r),
1 € C*°(R?)} where the null condition holds. Nullness for all space time is then ensured by
the propagation properties of Maxwell’s equations. The evolution of an initially null light
field at t = 0, is akin to the transport of a triplet of mutually perpendicular vectors {E,B, V}
along the flow of V, as in equations (4) and (6). Preserving the null conditions with time
requires preserving the angles between and magnitudes of E, B along the flow of V. For the
angle between the electric and magnetic fields {E, B} and their magnitudes to remain invari-
ant under the flow of V, the flow of V must be shear-free, i.e. must be free of non-uniform
stretching or twisting. An initially null light field preserves nullness when transported along
the shear-free flow of its normalized Poynting field V. Furthermore, a shear-free flow stays
shear-free when transported along itself in a flat space-time.

Hence, an initially null light field with an initially shear-free flow of the normalized
Poynting field, satisfies the null conditions and preserves the shear-free nature of the flow at
later times, establishing the null and shear-free conditions as sufficient initial conditions for
a light field to be globally null. Furthermore, since the flow of the normalized Poynting field
V of an initially null light field that satisfies the null conditions at later times, is necessarily
shear-free [21], the null and shear-free conditions are also necessary.

As a consequence, an initially null electromagnetic field which is analytic everywhere with
a smooth normalized Poynting field V, stays null forever, if and only if the flow of V is initially
shear-free, i.e.
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Table 1. Flow of null light fields (detailed proofs in appendix A).

Null light field > Pressure-less Euler flow
Energy conservation Mass conservation
OW+V.-(WV)=0 e Op+V-(pu)=0
Energy density W Mass density p
Momentum conservation Momentum conservation
OV+(V-V)V=0 And ou+(u-Vju=0
V:=(ExB)/W Fluid velocity u
Nonlinear null conditions Nonlinear Euler equation
Transport of E/W, B/W, Q/W Transport of w/p

0 (/W) = [(Q/W), V] H O (w/p) =[(w/p) , u]

o (B/W) =[(B/W) , V]
o (E/W) = [(E/W) , V]
Q:=VxV w:=Vxu

E-E=B-B (E'B/+E/B)9;V;=0

N E-B=0 ©)
E-E=B-Bf '
t
We further note that a deep connection between conformal foliations and shear-free light

rays [34], allows the shear-free condition given above in equation (9) to be expressed in much
simpler terms:

{F-F=0,F-VxF=0}_,& {F-F=0}, (10)

{E-Bzo o (E'E/ =B B3V, :o}
t=0

where F = E + iB is the Riemann-Silberstein vector, F - F = 0 encodes the null constraints,
and F - V X F = 0 encodes the shear-free condition (see appendix C for details).

The results presented above could be used in conjunction with methods for the construction
of knotted vector fields [35] to design null electromagnetic fields with non-trivial topology.

4. Constructing initially null, shear-free light fields

In this section, we describe possible routes for the construction of initially null, shear-free
light fields, which are then guaranteed to satisfy the null conditions for all time.

4.1. Initially knotted null light fields

A knotted divergence-free vector field can be constructed from a rational map ) (r) based on
Milnor polynomials [5], as shown in [35-37]:

Vip* x V
B—f(X’ﬁ)VXXVU—f(XW)M (11)
where x(r) = ((r) *(r)) / (1 + (r) v*(r), x(r) : R* — [0, 1] and n(r) = 1 log (¢(r)/v*(r)),

n(r) : R* — [0,27). To construct an initially null electromagnetic field, a normalized Poynting
field perpendicular to the above knotted magnetic field B can be constructed as follows:



J. Phys. A: Math. Theor. 51 (2018) 025204 H Kedia et al

g06mVx + h(x,n)Vn

V =
lg( VX + h(x.n)Vn|

(12)

sothat V-V =1

The above knotted magnetic field B, and the normalized Poynting field V, determine an
electric field E := B x V which automatically satisfies the initial null conditions.

To define an initially knotted, null and shear-free light field, it is sufficient to solve for the
functions f(x,n),g(x,n),h(x,n) such that the electric field E is divergence-free, and the
normalized Poynting field V is shear-free, i.e.

V-E=0 (13)
E-VXE-B-VxB=0 (14)
B-VXE+E-VxB=0. (15)

The existence of solutions f, g, & to the system of nonlinear PDEs given by equations (13)—
(15) is a very delicate issue. If there exist functions f(x, ), g(x,n), A(x, 1) such that the light
field {E, B, V} is analytic, then such a light field will stay knotted, null and shear-free.

4.2. Initially null, shear-free light fields

Alternatively, an initially null, shear-free light field can be constructed from a pair
of conjugate functions [38] f,g, which are real-valued functions of space such that
|Vf| =|Vgl|, Vf - Vg = 0. An initially null, shear-free electromagnetic field F = E + iB can
be constructed as F = p(x) (Vf(x) +1Vg(x)), where p(x) is a complex-valued function of
space chosen to make F divergence-free. Such an initial electromagnetic field automatically
satisfies the null conditions F - F = 0 and the shear-free condition F - V x F =0,

All known persistently knotted light fields [20] can be expressed in the above form
F = p(x) V (f(x) +ig(x)) with f(x) +ig(x) =4(x—iy)/(r* —* —1+2iz), and

(P =~ —1+2i)"" Q@ -iy)""
(r2 _ (I _ l.)z)m+n+1

where r? = x? + y? + 7%, and m, n are positive integers.

Following Nurowski [38] we can construct all possible pairs of analytic conjugate func-
tions (f,g) as follows. We begin with an arbitrary holomorphic function F : C? — C, and
find the complex-valued functions ¢ (x,y, z) and ¢, (x, y, z) that are solutions to the following
algebraic system of equations:

p(x) = mn

(x+iy)d1 + 22 = (W, (16)
—(x—iy)pr + 201 = (w (17)

Then the pair of conjugate functions (f, g) is given as the real and imaginary parts of the fol-
lowing quadrature

f+ig:C+/(¢>%—¢%>dx,

where C is an arbitrary constant. The system of equations (16) and (17) does not admit, in
general, solutions (¢, ¢,) that are smooth on the whole R3.
7
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To understand the structure of the field lines of the null electromagnetic fields constructed
via the above methods, we use Bateman’s framework [20, 23, 30] to study their geometry.

5. Geometry of null electromagnetic fields

Studying the structure of field lines in knotted light fields is challenging owing to the difficulty
of explicitly solving for the field lines everywhere in space. The existence of first integrals i.e.
global surfaces such that the field lines are tangent to these surfaces, has made it possible to
study the field line structure of knotted light fields in terms of the surfaces they lie on [16, 20,
39]. We now give sufficient conditions for the existence of such first integrals for a null light
field.

A method of representing null electromagnetic fields using complex scalar potentials was
given by Bateman [23]. Hogan [30], has shown that all null electromagnetic fields can be
expressed in terms of Bateman potentials («, 3): complex scalar functions of space-time
which satisfy:

VaxVE=i(0,aVE—-9Va). (18)
The corresponding null electromagnetic field is given by:
F=E+iB =Va x Vg. (19)

The design of knotted null electromagnetic fields requires understanding the interplay
between the topology of the lines of the electric and magnetic fields, and the complex scalar
potentials («, 8). Unfortunately, describing the topology of the lines of a space-filling vector
field is an intricate problem, made all the more challenging by the difficulty of analytically
solving for the field lines everywhere in space. However, in the special case that the lines of
a vector field are tangent to surfaces, i.e. the vector field has a first integral, the topology of
the field lines is encoded in the topology of these surfaces. In the recently discovered family
of knotted Maxwell fields [20], the field lines were tangent to knotted tori, and establishing
the persistence of these knotted tori helped establish persistent knottedness of the field lines.

We find that the field lines of a null electromagnetic field are tangent to surfaces if the sur-
faces of constant magnitude of the Bateman potentials « and (3 are parallel, i.e.

V(a"a)x V(" B)=0 (20)

— E-V(Im{af}) =0, B-V (Re{af}) =0 1)

where o*, 3* are complex conjugates of «, 3. The above condition given by equation (20)
holds for all known persistently knotted light fields [20]. Alternatively, if the surfaces of con-
stant phase of « and (3 are parallel, i.e.

v (aﬁ) XV (5) -0 (22)
— E-V (Re{af)) =0, B-V (Im{aB}) = 0 23)

giving surfaces tangent to the electric and magnetic field lines everywhere.
The topology of the field lines of null electromagnetic fields whose Bateman potentials
(a, B) satisfy either equations (20) or (22) can be studied via the topology of the isosurfaces

of Re{a}, Im{as}.
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6. Summary

Our results firmly establish the connection between the evolution of null electromagnetic
fields by Maxwell’s equation and transport along flow of the Poynting field. We used this
connection to show that an initially null light field stays null if and only if the flow of the
normalized Poynting field is initially shear-free. Remarkably enough, a surprising connection
with the theory of conformal foliations, allows us to express the shear-free condition at = 0
in a very simple way. This gives a design rule for constructing persistently knotted solutions
to Maxwell’s equations: satisfying the null conditions and the shear-free condition on a time
slice is sufficient to guarantee the persistence of knots.

We presented ways of constructing initially null light fields that satisfy the shear-free con-
dition. Lastly, we gave sufficient conditions for the lines of null electromagnetic fields to lie
on surfaces, enabling the study of the field line structure in terms of surfaces.
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Appendix A. Null electromagnetic fields and Euler flows

We begin by considering a null electromagnetic field, i.e. an electromagnetic field satisfying
E-B=0, E-E =B B (in units where ¢ = 1), and give proofs for the equations stated in
table 1.

(i) AW + V- (WV) =0, where W = 1 (E2 + B2) and V = (E x B) /W.
The above follows from energy conservation for an electromagnetic field in vacuum, and
holds for any electromagnetic field [40].

M oV+(V-V)V=0
The above equation follows from noting that the spatial part of the stress-energy tensor
for a null light field simplifies to 7% = W VV/, and momentum conservation. Momentum
conservation for an electromagnetic field in vacuum gives [40]:

O (WV,) + 0, (Wb; — E.E; — BiB;) = 0. (A.1)

For null electromagnetic fields, the following special property holds (W é; — E;
E; — B; Bj) = WV, V,. Substituting in equation (A.1), and using energy conservation, we
get

OVi+ Vg Vi=0 (A.2)

as required.
(i) 0, (E/W) = [E/W, V], 9, (B/W) = [B/W, V]
For null electromagnetic fields, V x E =B, V x B = —E. Substituting, we find that
GE=V x(VXE), 9B=V x (V xB) follows trivially from Maxwell’s equations.
Using the definition of the Lie bracket[A, B] = (A - V)B — (B - V) A, and energy con-
servation of electromagnetic fields, the above relation follows.
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We note that the above statements and proofs do not assume that the null conditions are
satisfied for all times, and hold true on a time slice if the null conditions are satisfied on a
time-slice.

We now show the conservation of electric helicity H, = [ d*xC-E, V x C = E, magnetic
helicityH,, = [ d*>xA - B, V x A = B,andPoyntinghelicityHq = [d*xV-Q, V x V=0Q.
Since the electric E, magnetic B and the Poynting vorticity (2 fields all obey an equation of
type 0;Y = V x (V x Y), we will show how such an equation implies the conservation of

the helicity of a vector field Y, i.e. Hy = f &xZ- Y, V xZ =Y, and the conservation of
He, Hu, He follows automatically.
The evolution of Hy is given by:

OHy = /d3x8tZ-Y+/d3xZ~8,Y.

The evolution of Y implies an evolution equation for Z:
0, (VXZ)=Vx(VxY)
V X (0Z) =V x (VxY)
OZ =V x Y+ V£, (3 ascalar function f).

Substituting for the evolution of Z in the evolution of Hy, we get:
8,Hy:/d3x (VXY +Vf)-Y
+/d3xZ-V><(V><Y)
:/d3x[(VxY).Y+Vf~Y
+V-(VXxY)XxZ)+(VXZ)- (VxY)

:/d3xV~[(fY)+((V><Y) x Z)] = 0.

Appendix B. Shear-free transport, nuliness and Maxwell’s equations

The proof proceeds by showing that the null and shear-free conditions on the initial time slice
are transported along the Poynting field. Using nullness, we then show that the divergence-free
property is also transported. Finally using these, we show that E, B satisfy Maxwell’s equa-
tions in free space. By the uniqueness theorems, evolution of the initial electromagnetic field by
Maxwell’s equations with the given initial conditions should also give null solutions. Thus the
shear-free condition is the required initial condition for an initial null electromagnetic field to
stay null.
Detailed proofs leading up to equation (9) are given below.

Lemma B.1. Consider the initial-value problem:
OV+(V-V)V=0, Vo=V, (B.1)

There exists a unique C* solution V(r,t) in a space-time region U, defined as
U:={(tr)eR*:0<t<(r), ¢y € C°(RY)} C R x R, if Vo(r) € C*(R?).

10
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Equation (B.1) is simply the geodesic transport of the initial vector field 0; + V(. Consider
points (0, x;) lying in the neighborhood Ny of a point (0, xp) in the hyperplane {# = 0}. The
geodesics in R* with initial point (0,x;) € N in the direction (1, Vo(x,)) are straight lines (S):

) = A
(S){X()\) _ X]-i-)\Vo(X])’ X| € Np.

The solutions to equation (B.1) for (0,x;) € Ny are smooth in time 7 € (0, T) provided that the
straight lines (S) do not intersect for any x; € Ny and A € (0, 7).

To estimate the time of existence, we consider the intersection of two straight lines with
initial points (0,x;) € Ny and (0,%x,) € Ny, i.e.

X1 + )\V(Xl) = X+ )\Vo(Xz)
AN =T
=T X1 = %o|

[ Vo(x1) — Vo(xo)|’

It follows that if V(x) is locally Lipschitz continuous at Xo, there exists a constant Cy,,
which depends on the neighborhood Ny of X, s.t.

[Vo(x1) — Vo(xo)| < Cyolx1 — X0
for any x; € Ny

1
=>T> —.
Ch,
Hence, on the neighborhood Ny, there exists a unique C* solution to equation (B.1) for time
t € (0, ﬁ) Considering a locally finite covering of R* by open sets N;, centred at points
0

x;, we get local time existence for ¢ € (0, for each set N;, provided Vy(x) is locally

L)
Lipschitz continuous at each point of R?. One can then easily define a space-time region
U:= {(t,x) € R*: 0 < 1 < ¢(x)} such thatyy € C>°(R?), and there exists a C*°, and unique,
solution to equation (B.1) in the set U, as we wanted to prove. Notice that the constants Cy, do
not need to be uniform in i, and hence the region U may be narrower and narrower.

Theorem B.2. Ler E(r,1),B(r,1), V(r,1) be smooth solutions in R? x R* to the initial-
value problem:

OV+(V-V)V=0, (B.2)
OE = {E V} , OB = {ﬁ, V} (B.3)
- E, - B
Et:o - 70’ Bt:o = 70, (B4)
Po Po
Ey x B 1
Vo = Opo % po = 5 (S + BY) (B.5)

with the following initial conditions:

V-Eg=V -By=0 (B.6)

1
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Ey-By=FEy-Ey—By-By =0 (B.7)

(EoBq)so, = (EvEq — BiBo)so, = 0. ®5)
8o, = 0iVo; + OV '

Then the fields E := p]:l, B:= pﬁ, p = % are null solutions to Maxwell’s equa-
2

tions with the initial conditions: E,.—y = Eq, B;—o = By where p satisfies the continuity

equation: O,p+ V - (pV) = 0, with the initial condition p—o = po, V = %. Moreover;

p= % (E2 + B2).
The converse also holds true, i.e. if E,B are null solutions to Maxwell’s equations with

E.—o = Eo, B,—o = By, then the fields E .= % R B:= %, V= % satisfy equations (B.2) and
(B.3) with the initial conditions given by equations (B.4) and (B.5) and equations (B.6)—(B.S8).
Notice that equation (B.8) is simply the shear-free condition at t = 0 written in equa-

tion (9).

To prove the first part of the theorem, we need to prove that if the initial normalized
Poynting field V) is shear-free, i.e. it satisfies equation (B.8), then E, B generated by solving
equations (B.2) and (B.3) with initial conditions in equations (B.4)—(B.8) are null solutions to
Maxwell’s equations.

Given fields Eo(r), Bo(r) at time 1 = 0, we define a tetrad (ko", no*, mly, mo*):

1 1

ko' = — (1,Vy) , no* = — (1, -V .

0 \@( 0) > Mo ﬂ( 0) (B.9)
E0+iB0 _ EO_iBO

(0T (o B
poV2 0 po V2 (B-10)

Solving equations (B.2) and (B.3) is akin to defining the tetrad (k*,n*,m*, m*) for all
space-time by parallel transport of k, n and Lie transport of m:

K9,k =0, kt,n” =0, [k,m" =0 (B.11)

with the initial conditions: (k¥,n#,m*,m"),_, = (ko",no*, ml, mo*) and defining the fields
(E/p,B/p, V) by this tetrad as:

1 1
= —11 b= (1,—
VELV%n \@(’V) (B.12)
E+iB E - iB
H— 0’7 ,7I’L: 0’7 . .
" < pﬁ)m ( Pﬁ) (55

We now show that the fields E,B are null solutions to Maxwell’s equations, related to V
and p by: V=E x B/p, and p = %(E -E + B - B), if the initial conditions given by equa-
tions (B.6)—(B.8) are satisfied.

The sequence of steps followed in the proof is as follows. We begin by showing that the
null and shear-free conditions on the initial time slice, i.e. equations (B.7) and (B.8), are
transported along k*. Using nullness, we then show that the divergence-free condition in equa-
tion (B.6) is also transported by k. Finally using these, we show that E, B satisfy Maxwell’s
equations in free space.

12
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We will use the following notation:

D D
kﬂat = H = i~ - .
! Dry "G Dr,, (B.14)
In this notation, equation (B.11) can be rewritten as:
D D D D
—k" =0, —n" =0, —m" = —k*. .
Dry Drkn Drkm Dr,, (B.15)

The commutation relation of the vector fields k*, m* above can also be expressed as:

D D _ D D B.16
DrkDrm_Drm Dr;’ (B.16)

Note that equation (B.15) for the evolution of k*,n* along with the initial condition

equation (B.9) implies that k*,n* can be written as in equation (B.12): k* = %

(LV),nt = % (1,=V).
Also, the tetrad when transported along k*, remains a tetrad, i.e.
D
—{k-k,k-n,k-mn-nn-m}=0 (B.17)
D}”k

as a consequence of equation (B.11). From the null initial conditions it follows that:
k'k, = k'm, = n'n, =n"m, =0, k'n, = 1. (B.18)
In conjunction with equation (B.12),k-k=0=V -V =1L Alsok-m=0= V < E x B,
This along with the initial condition equation (B.9), and V - V = 1 implies:

E xB

= W (B.19)

We define p by the equation: m*m,, = —1/p consistent with p = 1(E-E + B - B).
To see how nullness changes along the rays £*, we compute

D D D
= (it — ot = 2mt—k
Dry (m m”) " Drkm“ " Dr,, "

= ot Dk = 2,k = 25 (B.20)

'm

where & = m"'m" 0k, = m" 3k,
When the tetrad (k, n, 7, m) 1s null, & = o /p where |o| is the shear of the congruence k*.
The shear-free initial condition implies 6,—y = 0. To see how ¢ changes along the rays k",

D _ D L D k
5= — =
Dry Dry Dr, “

D D D D
= —_— Hik H_ 7k
Dr,"" Dry ntm Dry (Drm ")
D ., D D (D .
= mm“D—mk# + mMDirm (mk#> (" equation (B.16))
D D D D

—k, = —k'—%k, (- tion (B.15)). B.21
Drkm Dr, “  Dr, Dry, p (- equation ( ) ) )

13
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Calculating the second derivative,
D? D /D ,D
DD (Db,
Dri Dry \Dr,,  Dry,
D (D D
e e k,
Dry \ Dry, Dry
D D /D
e =k
+ Dr,, Dry (Drm “)

D D D
= — [ —&* ky,
Dr,, \ Dry Dr,,

D D<D

+ —k—
Dr, Dry

(. equation (B.15))

ka“> (. equation (B.16))

1

=0
. 5= > ) B.22
.‘kalo 0 Vn>2,neN ( )

Thus equations (B.15) and (B.16) which are equivalent to equations (B.2) and (B.3) ensure
that the 2" and higher order derivatives of G vanish. The first derivative of & evaluated in
equation (B.21) can be rewritten as follows:

D _ D ,D :D

D
—0=—k' ~— k* oY —k,. .
DrkU Dr, Dr, " Dry B (B.23)

Dr,,

Since motmy,, = 0, (ko, no, mo, mg) form a null tetrad and (51’1)[:0 can be rewritten as:

(5;)t:0 = ko,n0” + no,ko” — po (rﬁoumo” + moﬂrﬁo”) . (B.24)

The above equation can be verified by contracting with each of the basis vectors
(ko, no, mo, mp). Substituting (B.24) in the (B.23) above, we get,

< D ~> <
— 5 —
Dri /=
D D
= <rk" (k,ln" +nuk” — p (m,m” + m,m") ) k,,)
=0

D . _ _ D
Dirmk‘ )x:o (ko,ﬂlo" + ng,cko” — po (1o, mo” + mo ") ) <mku>1_0

Dry,

m
Dk ( - p(rhum” + m#m")> gk,,) (" equation (B.18))
rm
=0

D D D D
= _ vk, | m, —k" — kM | m" —k,
po( <m Dr,, )m“Drm + (m# Dr,, )m Dr,, ) 0
1=

n Dry
D
= 25— ( pinu—»k") =0.
7 °<” " Dr, ),:0 (B.25)
Equation (B.25) gives:
- (m*m,,) =0, E& =0,Vn>1. (B.26)
Dry H =0 Dry l=0 '

The above result along with the initial conditions: (m*m,),_, = 0, and 6,—¢ = 0, implies that
the null and shear-free conditions are transported along k*, and hold true for all space-time:

mtm, =0,6 =0. (B.27)

14



J. Phys. A: Math. Theor. 51 (2018) 025204 H Kedia et al

Thus, the geodetic null congruence k* given by the normalized Poynting field V is shear-
free and the fields E, B defined by equations (B.13) and (B.12) are null. Thus ‘E X B| = pand
equation (B.19) can be rewritten as:

ExB
V= P (B.28)

Since m*m,, = 0, (k,n, m,m) form a null tetrad and d,; can be rewritten as:

o, = kyn” + n k" — p (mm” + my,m”) . (B.29)

We now show that these fields satisfy Maxwell’s equations in free space. Calculating the
evolution of 1/p along the null GSF k*,

D /1 D D D
2 = Mt ) — it it
Dry (p) Dry (m m”) " Drkm” m Drkm“
= —m'm” 0k, — m"m” 0.k,
= —0 k" (mym” + m,m")

1
= -0 k" (—pmym” — pim,m")
p

1
= ;Buk" (kun” + nu k" — pm,m” — pmﬂm”)

(using equation (B.18))
1 1
= —0,k"6;, = —0,k”  (using equation (B.29)).
p P

Substituting for k# from equation (B.12), we get the energy conservation equation:

Op+V-(pV)=0. (B.30)
Rewriting equation (B.13) in terms of the Riemann-Silberstein vector F = E 4 iB,
F
<p) = [F/p,V]. (B.31)
t

Using equation (B.30) along with equation (B.31),
F, + [V.F] = —(V~V)F

=F +Vx(FxV)=-V(V-F)
=F,+iV xF=-V(V-F)

(B.32)

Taking the divergence of equation (B.32),
(V~F)l:f(V'V)(V-F) fV-V(V-F)
=(0+V-V)(V-F)=—(V-V)(V-F)
D
Drk

Since (V -F),_, = 0, from equation (B.33) above, V -F = 0 for all space-time. Thus
E, B are divergence-free for all space-time, satisfying one pair of Maxwell’s equations in free
space.

(B.33)
(V-F)=—(V-F)V-V.

15
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Substituting V - F = 0 in equation (B.32) above, we find that F also satisfies the other pair
of Maxwell’s equations: F, +iV x F = 0.

Thus the fields E, B are null solutions to Maxwell’s equations in free space.

To see that the converse is true, i.e. a null Maxwell field satisfies the shear-free condition,
note that equation (B.20) implies that

Since the electromagnetic field is null, m*m, = 0, which implies o = 0, in particular
01— = 0, which is equivalent to the condition in equation (B.8).

Using lemma B.1 and theorem B.2 we can finally prove equation (9), i.e. that null initial
conditions are null forever if and only if the shear-free condition is satisfied at + = 0. This
result is presented in the following corollary:

Corollary B.1. Let E,B be solutions to Maxwell’s equations in free space with the initial
conditions E,—y = Eq , B,—y = By, where Eq, By are real analytic, i.e. C¥ vector fields in R3,
and the initial normalized Poynting field V is well-defined everywhere. The electromagnetic
field E,B is null if and only if Eo, By satisfy the initial conditions given by equations (B.6)—
(B.S).

In theorem B.2, we proved that if the electromagnetic field E, B is null, then the initial
fields Ey, By satisfy the conditions given by equations (B.6)—(B.8).

Accordingly, to prove the corollary, we prove that the solution E, B to Maxwell’s equa-
tions with initial conditions E,—y = Eg, B,—o = By where E, B, satisfy the conditions given
by equations (B.6)—(B.8), is a null electromagnetic field.

Define Vo := 2XBe | py := J (Ef + Bj) and consider the initial value problem:

{V,+(V-V)V:o
Vi—o = Vo '

Since Vj is C°, it is locally Lipschitz continuous. By lemma B.1, there exists a solution
to this initial-value problem, which is C°, in the space-time region U := {(t,r) € R*: 0 <
t<¥(r), ¢ € C¥(R)},

Observe that, since Vi_, = VZ = 1, we have that V*(x,r) = 1 in U, so that V(x, 7) defines
a local flow ¢, in U. Accordingly there exist C* solutions to the transport equations:

OE = [1?: V} OB = [fs, V} .

= E(x,1) = ¢ Eo(x) and B(x,7) = ¢, Bo(x), where Eg = % , By = % and ¢, is the non-
autonomous flow of V(x, ) with ¢ (x) = x.
Therefore, we have C*° solutions in U to the initial value problem:
OGV+(V-V)V=0
OE = [E,V]
9B = [B,V]
E=0 =Eo, Bi=o =By, Vi=0 = Vo
such that conditions in equations (B.6)—(B.8) of theorem B.2 hold.
Applying the theorem, we conclude that defining p = ﬁ and E = pE, B = pB,
the fields E(x, 7), B(x, t) solve Maxwell’s equations in U, and satisfy the null conditions in U.

16
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By the existence properties of Maxwell’s equations, E(z,x) and B(z,x) can be globally
propagated, so that they provide C* global solutions to the initial-value problem:

OE=V xB
OB =-V xE
E—o = Eo, B.—o = By

Since Eg, By are real-analytic, the solution to Maxwell’s equations (which is unique), is
real-analytic both in space and time. Therefore since E - B, E - E — B - B vanish in U, they
vanish everywhere, as we wanted to prove.

Appendix C. The shear-free condition and conformal foliations

In this appendix we prove equation (10), i.e. that an initial electromagnetic field Fy = Eq + iBy
gives rise to a global null solution of Maxwell’s equations if and only if Fy - Fy =0 and
Fo -V x Fy = 0. Indeed, the shear-free condition for the initial Poynting field Vy, see equa-
tion (9), can be written, after symmetrizing, as:

(EVE] — BLB))(0:Vo; + 8Voi) = 0 (C.1)

LB (8iVoj + 9 Voi) = 0. (C2)

Let us now show that this is equivalent to V|, defining a conformal foliation. As shown in [34],
the field V|, defines a conformal foliation if and only if the following conditions are satisfied:

Vo - [(Eo-V)By+ (Bo- V)Ey] =0 (C.3)

Vo [(Eo- V)Eg — (Bg- V)Bg] =0 (C.4)

where Eg , By satisfy the null conditions, i.e. Fy - Fy = 0.
It is easy to show that the shear-free conditions are equivalent to the conformal folia-

tion conditions. Using Vy;Bj) = VoiEl) = 0, and &; (VoiBl) = 9; (VaiE)) = 0, equation (C.1)
becomes:

Voy ((E5 0 — (B 0)B}) =0
i.e. equivalent to equations (C.3) and (C.2) becomes:

Voy ((E)0)B} + (ByO)E]) =0

i.e. equivalent to equation (C.4).
Finally, using that Ey and By satisfy the null conditions, and the following identity for two
arbitrary vector fields X, Y:

VX Y)=X-V)Y+(Y - V)X4+XXxVxY+YxVxX

we find that the conformal foliation condition is equivalent to the following:
Ey-VXE)y—By-VxBy=0 (C.5)
Ey-VxBy+By-V xE;=0. (C.6)

i.e. Fo - V x Fg = 0. We have then proved that the LHS in equations (9) and (10) are equiva-
lent, so the RHS of these equations are equivalent as well, as we wanted to prove.
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Appendix D. First integrals of null electromagnetic fields

In this appendix we give a proof of the sufficient conditions, i.e. equations (21) and (23),
for the existence of first integrals for null electromagnetic fields expressed in terms of the
Bateman complex potentials {c, §}.

Let us denote the magnitude and phase of « by 4,0 and that of 3 by rg,8s so that
a=rqexp (i0q) , B = rgexp (i0g). Then,

Va =« (iV@a + IVra>
4

[e%
1
V=0 (iVGB + Vr,;) .
s
Then the electric field is given by:
E =Re{Va x Vj}

= Re {af} <vr°“ « VT8 g, v9g>
ra rg
—Im{afB)} (m <V — B vea) .
Ia rg
Similarly the magnetic field is given by:
B =Im{Vax Vj}
= Re {af3} (Vr“ <V, — VB vea>
Fa rg
+Im{af} (Vr‘”‘ « VT8 _ g, x vevﬁ) .
Fe rp

It is easy to check that Im {V (af)} , Re {V (af)} can be written as:
Im{V (aB)} = Re{af} (V. + Vo)

+Im{apB} (Vrra + VF;B>

«

Re {V (a3)} = Re {af3} (V’“ + V’ﬁ)

To ra
—Im{afB} (V. + Vbs).
Using the above relations, we find:
E-Im{V (af)} =rarg (Vra x Vrg) - (Vs + V3)
E-Re{V (af)} = —rorg (V0o x Vlg) -V (rqrs)
B-Re{V (af)} = —rorg (Vrg x Vrg) - (Vly + Vbg)
B-Im{V (af)} = —rorg (V0o x VOg) - V (ro1s).

Hence, if Vry, xVrg=0, E-Im{V (af)} =0,B-Re{V (af)} =0. Similarly, if
Vb, x VO3 =0,E-Re{V (af)} =0,B-Im{V (af)} =0.
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